I. INTRODUCTION
The discovery of coherent structures in turbulent wall bounded 1 and free shear flows 2 has shifted the way one thinks about turbulence in general. Over the past few decades a structural point of view has emerged, wherein turbulent flow can be considered as a collection of organized motion in a sea of unorganized motion. Such a description of turbulent motion was originally championed by Townsend [3] [4] [5] who described the coherent eddies from two-point correlations (e.g., Grant 6 ) before the flow visualization made it self-evident. The photographs of coherent motion in axisymmetric jets 7, 8 and wakes 9 are so startling that one is compelled to question: how important are these flow structures in the description of turbulence? For a more precise definition of eddies, organized motions or coherent structures, one is referred to Marusic and Adrian. 10 It is the intent of this article to show that a random collection of coherent large-scale eddies is sufficient for the description of mean and second order statistics in axisymmetric jets and wakes, following the investigations in turbulent boundary layers, 11 co-flowing jets 12 and pressure gradient turbulent boundary layers. 13 This is the first objective.
Given the premise that large-scale eddies provide a fair description of the first and second order statistics, next, their role in "entrainment" is questioned, and this relates to the second objective. Though it was "believed" in the past that large-scale eddies play a major role in the entrainment of non-turbulent (NT) fluid into the turbulent (T) core (see, for example, Liepmann and Gharib 8 for the near field development of a jet and Yoda et al. 14 for the far field development and the evolution of large-scale vortices from a simultaneous pair of n = ±1 helices, where n is the azimuthal wavenumber), recent investigations [15] [16] [17] (for a turbulent jet) seem to cast a serious doubt on this viewpoint. To quote from the Introduction of a recent article, 18 "Concerning the physical processes responsible by the entrainment, recent works suggest that the entrainment is mainly caused by 055108-2 J. Philip and I. Marusic Phys. Fluids 24, 055108 (2012) small-scale (nibbling) eddy motions acting on the T/NT interface (Westerweel et al., 2005 16 ), as proposed originally by Corrsin and Kistler (1955) . 19 Specifically Westerweel et al. (2005 Westerweel et al. ( , 2009 16, 17 showed that the engulfment motion caused by the large-scale vortices is not the dominant process for the turbulent entrainment of irrotational fluid in a jet, in agreement with Mathew and Basu (2002) . 15 Instead, it is suggested that small-scale 'nibbling' eddy motions may be the dominating entrainment mechanism." The second objective here is, however, to show that large-scale eddies do have a role to play in the entrainment process. Nibbling eddies themselves are important for the more general problem of interface dynamics, and there has been a growing interest over the past decade that is well elucidated in a recent review by Hunt et al. 20 Experiments 17, 21, 22 in sink with direct numerical simulations 18, [22] [23] [24] have provided valuable information about the vorticity dynamics close to the interface, which in turn is hoped to clarify the entrainment process. Specifically, in the simulations of a far field wake large-scale movements or engulfing motions at the interface are found to be dominated by the inviscid dynamics, 23 and even in jets the large-scale vortical structures are the ones that define the geometrical characteristics of the interface due to their larger radius and longer lifetime. 24 The interface thickness (or the length scale of the vorticity layer, δ ω (ν, S), where ν and S are viscosity and strain-rate, respectively) in jets scales with Taylor's micro-scale λ because S scales with L 11 , the integral length scale, due to the large-scale structures; unlike in the oscillating-grid-experiments, 22 where δ ω ∼ η, due to the small-scale "intense-vortical structures" 24 which cause S to scale with λ. The oscillating-grid-experiments have a unique feature -the absence for large-scale motions (S ∼ λ), in contrast to the present model of jets and wakes where only the large-scale motions are considered (of the O(L 11 )). The process of entrainment is further complicated by the fact that it is easier to think in a "Lagrangian" description wherein the packets of irrotational fluid make their way into the turbulent core across the interface boundary and the visualization or the experimental data is "instantaneous," whereas the data is collected in an "Eulerian" system and mathematically "time-averaged" flow fields are more tractable. In the present work we do not intend to solve the full "entrainment problem" which might need a very detailed representation of the flow field as well as the interface between the turbulent and non-turbulent regions. Instead, with the simple eddy model our intention is primarily to show the relevance of the energy containing eddies in the entrainment process without any precise description of the T/NT interface. Sec. II describes the large eddy model for jets and wakes along with the comparison to some published experimental results, followed by Sec. III wherein their role in entrainment and the problems associated with a good description of entrainment are addressed. Some discussion is presented in Sec. IV, and finally summary and conclusions are given in Sec. V.
II. LARGE-SCALE EDDY MODEL OF AXISYMMETRIC TURBULENT JETS AND WAKES
The axisymmetric jet is modeled by an eddy that is similar to that developed by Nickels and Perry 12 for a co-flowing jet, akin to the double-roller eddy structure suggested by Townsend 3 based on the correlation measurements, and is similar to the structures observed in experiments, for example, by Liepmann and Gharib. 8 Figure 1(a) illustrates such a vortex structure for an axisymmetric jet (comprising of various vortex "rods") and it is envisaged that an array of such vortices are arranged randomly in the azimuthal direction and convecting past an axial location randomly. It should be mentioned that a random collection of "eddies" does not imply that two points in space are uncorrelated, unlike a random collection of "points." The eddy ensures that a specific correlation exists between two points in space characteristic of the turbulent flow. Furthermore, a single eddy type is chosen to represent the jet and wake structures, acknowledging that there is excellent mixing in these flows characterized by a constant eddy viscosity. This is in contrast to wall bounded flows where a hierarchy of eddies 11, 13 is required to represent the flow characterized by eddy viscosity varying in the wall-normal direction. Streamwise, azimuthal, and radial directions are indicated by x, θ , and r, and the corresponding velocities by U x , U θ , and U r . The r-θ plane is the same as y-z plane in Figure 1 . The coordinates are normalized by the characteristic length scale , such that, The calculation procedure is described for the axisymmetric jet eddy, cf. Figure 1 (a) (and the procedure for the wake follows in a similar fashion). The five vortex-rods are prescribed with a Gaussian vorticity distribution and a constant circulation. The velocity field, v(x, y, z), associated with all five rods of a single eddy is calculated using the Biot-Savart law on a three-dimensional cartesian grid. Thereafter, the power spectral density (p ij (k 1 , y, z), where k 1 is the axial wavenumber and, i and j go from 1 to 3 corresponding to the velocity components) is found using standard FFT routines in the axial (x) direction. To account for the intermittency, the spectral density field is "jittered" (or convolved) using a Gaussian kernel in the y-z plane, followed by the second order tensorial transformation to r-θ coordinate system, q ij (k 1 , r, θ ). Averaging in the axial and azimuthal directions results in distribution of all the stresses in the radial direction, q i j (r ) (for example, u 2 x (r ), u x u r (r ), etc.). The axial mean velocity can be obtained similarly by averaging v(x, y, z) in the axial direction (U(y, z)), followed by "jittering" and a transformation to r-θ system (U(r, θ )) and finally averaging in the azimuthal direction (U(r)). The above calculation is performed for a single eddy. It is envisaged that a random distribution of such eddies is distributed along the azimuthal direction and a constant density of such eddies passes a fixed axial location. Instead of physically distributing the eddies randomly and calculating the velocity field, one can resort to Campbell's theorem 25 for shot-noise process. For an uncorrelated random distribution of eddies, Campbell's theorem shows that when the number density of eddies is fixed, the mean velocity field and variance (or rootmean-square) distribution from the random collection of eddies can be found from just a single eddy multiplied by the eddy-density. The free parameter is the eddy-density, which is arbitrarily fixed by making the value of axial stress (u 2 x in Figure 3 below) to approximately match with the experimental ones at the centerline. Further details of the calculation procedure can be found in Nickels and Perry 12 and Nickels and Marusic.
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A similar model is proposed for turbulent wakes in Figure 1 (b) where the defect profile is modeled which also corresponds to the change in the vortex-rod direction in the x-z plane. Here the characteristic length scale := r 1/2 , where r 1/2 is the the location where defect-velocity falls to half its maximum value, consistent with the usual self-similar analysis of axisymmetric wakes (e.g., Pope 27 ). Figure 2 shows the comparison of mean velocity profiles for jets and defect-profiles for wakes with various published experimental results (indicated in the figure), where f := U x /U c and (U ∞ − U x )/U c for jets and wakes, respectively, and U c the characteristic or centerline velocity in jets/wakes (which is a function of x) and U ∞ the free-stream velocity in wakes. Turbulent stresses are compared in Figure 3 (a) for jets and in Figure 3 (b) for wakes. The experimental symbols are consistent with those in Figure 2 . It is noted that even though lots of experimental data for axisymmetric turbulent jets are available, there is an acute scarcity of the same in wakes where all the components of velocity are measured at a sufficiently large x/ such that self-similarity is established.
Considering simple vortex-rods are employed, there is a good agreement between the model and the experimental results. Out of the five vortex-rods the most important are the two vertical ones 28 Wygnanski and Fiedler, 29 and filled symbols ( ) are the wake experiments of Uberoi and Freymuth. 30 Note that for the experiments of co-flowing jets by Nickels and Perry, 26 the free stream velocity is subtracted from the axial velocity.
in the y-z plane of Figure 1 -the double-roller eddy structure, which alone could give the correct shape of the experimental stress profiles of Figure 3 . The main function of the other three vortex-rods (which are consistent with the flow visualization) is to provide correct stress ratios. An important difference between the stress profiles for jets and wakes is that azimuthal stress is higher than radial stress in jets whereas the opposite is true in wakes. The model accomplishes this by an increased tilt of the double-roller in the x-z plane of Figure 1 (b), with respect to the z axis. As the double-roller becomes more and more vertical the azimuthal stress increases in comparison to the radial stress, which is evident when the velocity field associated with them is observed. It should be mentioned that even though a fixed shape of the eddy model is presented in Figure 1 its precise shape is of lesser importance. However, the particular shape of the eddy employed here with its random distribution is found to closely predict the experimental stress profiles for the known parameters of the jets/wakes. As mentioned above, the location of the different vortex-rods are of a greater influence in generating correct stresses. It is emphasized that the model takes into account only the large scales of motion or energy containing eddies as the spectra in Figure 4 wavenumber, as expected, indicating the neglect of small-scale motion. The pre-multiplied spectra in Figure 4 (b) (k 1 11 , the area under which represents energy) from the data of Nickels and Perry 12 (in solid line) and the same data in k 3 1 11 form (dash-doted line), representing dissipative small scales, which again show the scale separation that is inherent in a resolved experimental data, is absent from the model. It is well known that turbulent flow contains a range of scales. Assuming Fourier wavenumbers to represent scales, it can be observed that the eddy-model produces a broadband spectra unlike models which are confined in spectral space. This possibility exists only in jets and wakes where the eddy almost fills the entire flow, in contrast to wall bounded flows where a hierarchy of scales is needed. It is important to mention the limitation of the present model, which is restricted to the investigations of only up to second order statistics. At present, it is not completely clear how higher order statistics from the model will compare with the actual flow, and a fair description of these statistics might even involve going beyond the simplified model of turbulent jets and wakes involving a single representative eddy, as the one developed here.
III. ROLE OF LARGE-SCALE EDDIES IN ENTRAINMENT
The model developed above corresponds to a statistically steady self-similar condition, and it is instructive to look at the flow that is drawn into the jet core radially. This is the average entrained fluid. Using the axial mean flow calculated from the model (cf. Figure 2) , and for a self-similar turbulent jet/wake, radial velocity is calculated using the continuity equation. Specifically, for the axisymmetric jet, with ∝ x 1 and U c ∝ x −1 , the continuity equation reduces to (hξ ) = ξ (fξ ) , where h := U r /U c is the normalized jet radial velocity, ξ := r/ and prime ( ) denotes differentiation with respect to ξ (e.g., Pope 27 ). The distribution of h with ξ is plotted in Figure 5 with a solid line, showing a definite inflow at the boundary into the jet core. For axisymmetric wakes only partial similarity exists; with ∝ x 1/3 and U c ∝ x −2/3 continuity equation reduces to (h w ξ ) = −ξ (2/3 f + 1/3 f ξ ), where h w := U r C ex pt /U 2 c is the normalized wake radial velocity, which unlike for jets depends on an experimental constant, C expt (x). Also shown in Figure 5 is h := U r /U c × 20 for the wake, where the numerical value corresponds to the experiments of Uberoi and Freymuth 30 at x/D = 100 and D the sphere diameter behind which the wake is generated. A good approximation to the mean velocity profiles for jets and wakes are f = 1/(1 + aξ 2 ) 2 and exp (− bξ 2 ), respectively, where a and b are constants (e.g., Townsend 3 and Pope 27 ). Integration using the continuity equation given above results in h = (1/2)(ξ − aξ 3 )/(1 + aξ 2 ) 2 for jets (Pope 27 ) and h w = −(1/3)ξ exp(−bξ 2 ) for wakes, which are close to the ones calculated in Figure 5 numerically. For wakes the radial velocity magnitudes are much smaller than those for jets and there is hardly any or no inflow at the edge of the wake, in contrast to jets. Fluid in the core seems to be pushed out to some extent due to radial velocity in jets whereas in wakes there is a drawing-in of fluid (likely related to engulfment). Thus, in the "averaged" sense, large-scale eddies can account for the flow which is entrained into the turbulent core. In this regard, it should be noted that even in laminar jets there is an inflow, albeit due to viscous stresses which are much smaller compared to the turbulent stresses, when the jet is turbulent. And since the eddy-model predicts this inflow, the large-scale eddies are seen as a source for it.
The "instantaneous" picture can, however, be slightly different. Considering turbulent jets, Figure 6 shows the caricature of an instantaneous turbulent core (hand drawn to roughly match the visualization by Westerweel et al. 17 ) and shaded gray. The thick (red) line is the averaged boundary and towards the right hand side is the averaged velocity profile with exaggerated radial velocity. As mentioned above there is an induced motion inwards at the boundary and the fluid is pushed outward from the axis. An approximate instantaneous view is shown between the two vertical (blue) lines, where there is an induced flow towards the boundary of the jet along with the fluid that is engulfed into the core (shown by shaded areas); this is due to the large-scale eddies. Along the boundary smaller eddies nibble the non-turbulent fluid, depicted by (black) circular arrows. Since no non-turbulent fluid packet (in a Lagrangian sense) can become turbulent unless it crosses the boundary, and since at the boundary there is always small-scale eddies nibbling, every fluid packet that becomes turbulent is nibbled. This process is the same as the "small-scale" turbulent diffusion due to momentum transfer. For jets the overall process can be envisaged as: large eddies induce non-turbulent fluid towards the turbulent boundary along with some fluid being engulfed, which is nibbled by the small scales and is made turbulent. Apart from this, small eddies can themselves nibble and move into the non-turbulent fluid; however, since the average boundary in a jet is stationary (for a particular x), this is not a very efficient process for making the fluid turbulent. In short, entrainment can be viewed as a three-part-process involving both small scales (for "nibbling") plus large scales (causing "engulfment" and an "induced inward motion").
A similar picture can be sketched for wakes (by observing the flow visualization by Cannon, Champagne, and Glezer 9 ), as shown in Figure 7 , and here too the averaged velocity vectors are drawn with exaggerated radial velocities. The major variance from jets is that there is negligible induced inward motion due to large-scale eddies at the boundary. Therefore, any entrainment is only due to small-scale nibbling and large-scale engulfment, as shown in the figure between the two vertical (blue) lines. In that sense, to understand the different roles played by small and large scales, the study of wakes might be more profitable as it eliminates one cause of entrainment. In the n nibbling ENTRAINMENT = "nibbling" + "engulfment" + "induced inflow " description above, the term "engulfed fluid" refers to the shaded areas in Figures 6 and 7 , in-between the double (red) line -the "outer boundary" and the black line -the "inner boundary" of the jet. It is more precisely defined by fixing a low and high threshold level, (say 0.1 -outer boundary and 0.9 -inner boundary) of a passive scalar present in the turbulent flow (with scalar value close to 1 inside the turbulent region), and calling the in-between fluid as the engulfed fluid. 15, 17, 31 Even though this is a good working definition for precisely quantifying the engulfed "scalar" fluid, it has no direct relation to the velocity field (because the equations of velocity are decoupled from that of a passive scalar). In this respect, for the jet flow it is not easy to distinguish between the "engulfment" and "induced inflow" except when a scalar field is present. And this can only be shown symbolically as in Figure 6 . Physically engulfed fluid can be thought of as a "local" effect of the large-eddies, wherein the eddies distort the interface and engulf the fluid, 3 whereas the "induced inflow" as a non-local effect wherein the fluid is drawn from far-field. However, in wakes where there is no induced inflow and the large-scale contribution to the entrained fluid can be represented by engulfment. Regarding the caricatures in Figures 6 and 7 it should be mentioned parenthetically that the shaded region is based on flow visualization (of a passive scalar) while the larger arrows (in Figure 6 ) are induced motion and the smaller curved arrows indicate nibbling vortices at the "edge" of the T/NT interface. However, it is known that pathlines (of velocity) and scalar field from flow visualization could be different, 32, 33 so caution is required in interpreting them. Also see the simultaneous visualization and velocity field measurements by Westerweel et al.
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IV. DISCUSSION
In Sec. III the radial velocity profiles were calculated using continuity employing the axial velocity profiles obtained from the model. However, a simpler method to estimate the average radial velocity at the boundary can be developed following Stewart. 34 Consider the control volume at the left hand side of Figure 6 . At section AA, let cR be the characteristic radius of the average jet boundary, where c is a constant and R, the radius (∝ ) and kU c the average velocity, with a constant k. The flow into AA is kU c π (cR)
2 . Similarly at section BB, at a distance dx downstream, the outflow is k(U c + dU c )π (c(R + dR)) 2 , and across AB is 2π c(R + dR)U r dx. This in turn shows U r ∝ 1/R d(R 2 U c )/dx (which is valid for wakes also), and when combined with how R (or ) and U c are varying with x, results U r ∝ 1/R for jets and U r = 0 for wakes at the boundary, as mentioned previously. Similarly for plane jets and wakes, where ∝ x, U c ∝ x −1/2 and ∝ x 1/2 , U c ∝ x −1/2 (e.g., Tennekes and Lumley 35 ) respectively, U r ∝ d(LU c )/dx, where L ∝ (and U r is the velocity normal to the axis). This again shows that even in plane jets there is an averaged velocity at the boundary which is absent in plane wakes, similar to axisymmetric jets and wakes, respectively. It should be mentioned that there is no dearth of evidence for the induced motion into a turbulent jet. For example, the calculation of entrained fluid from the measured velocity profile by Hussain et al. 28 match very well with the bulk entrainment measured by Ricou and Spalding 36 or the particle image velocimetry (PIV) measurements of Liepmann and Gharib 8 at a fixed axial position which show the instantaneous radial velocity into the jet core, or, the photographs by Werlé in the book by van Dyke 37 which show explicitly the streamlines of fluid entraining into a turbulent axisymmetric and plane jet. Similar is the case with co-flowing jets where PIV measurements of Han and Mungal 38 at the outside of the main jet confirm the induced flow. Even at extremely high Reynolds numbers Mungal and Hollingsworth 39 as well as Mungal et al. 40 have found that the large-scale eddies continue to exist and are no different from those found at the laboratory scale flows, with the same fluid-mechanical picture of entrainment (cf. Figure 11 of Mungal and Hollingsworth 39 ). As an interesting aside, it should be mentioned that jets and wakes cannot be transformed one into another by merely a change in the frame of reference because of the broken Galilean invariance in spatially developing flows or in flows with specific origin. 41 This is also exemplified in the different ways and U c develop in jets and wakes, as well as the difference in the large-eddy structures. Furthermore, co-flowing jets behave more like regular jets in terms of the induced inflow (e.g., Han and Mungal 38 ) than wakes, however, with a difference (cf. Figure 3(a) ). Entrainment has been viewed here as a combination of small-scale nibbling plus a large-scale engulfment and induced inflow. However, another view point would be to think only in terms of eddies or vortices, with merely a difference in scales. In fact such a scale separation indeed exists in turbulent jets as shown in Figure 4 (b) from the experimental data of Nickels and Perry. 12 Most of the energy is contained in scales of order (which corresponds to the model eddies) whereas most of the dissipation is happening at scales which are more than an order of magnitude smaller than (and those are neglected in the model). Thus, it might be more appropriate to refer to the model large-scale eddies as the "energy containing eddies," which cause engulfment and induce inflow, whereas dissipative scale eddies which cause nibbling (with the obvious point that nibbling is only at the boundary), both having the same characteristics except that they operate at different scales. And there is no reason to exclude the possibility that more than two scales (or even a continuum of scales with varying effects) might be involved in the entrainment process. The overall process might even be called "vortex entrainment" -only that vortices of different scales play different roles in the entrainment process.
From an entrainment point of view, wakes are much simpler than jets due to the absence of induced motion, and the active processes being only nibbling and engulfment. However, an even simpler case would be where the process is "pure" nibbling. (A "pure" engulfment or induced inflow is not possible since nibbling is always the final act in the transformation of non-turbulent fluid into turbulent.) Such a case of pure nibbling (though not addressed thus) has indeed been investigated 21, 22 wherein an oscillating grid is used to form the turbulent boundary and nibbling is the only reason for entrainment (even though the nibbling eddies are almost as large as the largest scales of the motion). This is one investigation where the role of small-scale eddies can be studied without any influence from large-scale motions, and thus it is not surprising that the stain-rate and the interface thickness scale with λ and η, respectively -the dissipative eddies scales, in contrast to jets and wakes where the inviscid mechanism dominates at scales of L 11 .
V. SUMMARY AND CONCLUSIONS
It has been shown in the present work that large-scale eddy models, assumed to be randomly distributed in the azimuthal and convecting in the axial directions can be built for turbulent axisymmetric jets and wakes which agree reasonably well with the experimental results in predicting the mean velocity and normal/shear stress profiles. Since they carry most of the energy, they can also be called the energy containing eddies (and because they do not take into account the small dissipative scale motion, as evident from the spectra). This structural view of thinking in terms of large eddies brings at least some order in understanding the otherwise non-coherent disorganized motion. These energy containing eddies draw fluid into the turbulent core, in an averaged sense. Instantaneously, some non-turbulent fluid is induced towards the boundary whereas some of the fluid is engulfed, both of which have to pass through the T/NT interface where it is nibbled by small-scale eddies into a turbulent one. There is also the possibility that small-scale nibbling eddies can themselves reach out into the irrotational regime, transforming non-turbulent fluid into turbulent -akin to a diffusion effect. In jets, entrainment can be viewed as a combined effort of large-scale eddies via engulfing and inducing irrotational fluid, and small-scale eddies via nibbling, whereas in wakes the induced motion is virtually nonexistent and the large-scale contribution is represented by engulfment. In hindsight, from an entrainment perspective, jet flow might seem the most complicated (with effects of engulfment, induced motion and nibbling), whereas wakes much simpler (with only engulfment and nibbling), and the oscillating-grid-experiment the simplest with only nibbling as the dominant mechanism.
